


1 


"CARE LA # 
+ Separation + 
A lop- poe may bev 
sparsely enclased ts fh open oh Fun "- har ™ 
gulf juo, te Crnfly set . amd lhe fell space: On e 
olhev hand ouer Subset d} a eliàc&efe Space Uy 4m. 
open sel. Most ?f the famitar Spaces 4) Geomeley 
amd , amdylysis fall sonewher belsen these arhfjeral 
crlioma: The Bo- culled seperahon properties enable 
p Čo blake precisely aF a fiver fop- space hak 
| 4 4th enpgush Supply of opm seb to sewe duy 
papse m miner Le natu Apc 
Los | E 4). chen Ae im - Spar 4 
| zumal; Linked’ ON Pen "Dus 
| Gy emtraby more open seb [jere are, Le. move. Conhnuns | 
Jumchions 4 space hats JDeactedt spaces have hhe qreales 
poyrie. numbers of Conhinums functions ,becaute all fanchims 
ave. Conlin neo - Hors ewer few really wm erant spaca are | 
— doeet. ,. his Gow a byt oo far. The sepovalion Properties 
make it porsle fov UA i be suave lhat ow Spaces hau 
The definitim of ropologi docs not widucale fuch 
propaties clutch may chishrigusbd ponh: 4? he space: Jn lhis 
Chopte n dics seme tener tant fop- spaces colach 
pave open. or closed Hs Ael fying Certain Conrcliiongy om 
| otedadron to heir Ponts 
= She Seperahim anions Celenhfy all les 
spaces The: veal Ane p mot, wi fact Al, P hese axioms: 
eose prepokes ar olenoled c 
To, T, A, Te Bao 
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(9 Neck Separation « | 
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+ Beparalim © Open Sek y 


Hah P) be a fopological Space. 
Too nm- empty salud A^ and B ave Acud fo be 
weakly seperated If there eit kso spon seki Get 


AEG, LEH ANH= di and BG = P 


Tho. na - enny sefs m a lop- 
space are ¢cttcl do be Abamgly separated CE F foo 


open. sek G and ff such hal 


AEG, Ror amd & N t= D 


G- Hide i L^ C ea fmt Ihe defini tans Haf 


-. po" separated Sets dag weakly Separate: 


pen ov closed. Wealely sepsdalal Sels algo caled i. mpty)sepers 


hene Two. nm — ety T A £ h5 ave weakky 
ii aun ed. iff. ‘any oe lhe fein Cosh: Lols 
ODs ANB=$, ANKE SD Rpg " 
re ier ^ £5 are dajom t | 
jew t And neijer 3 
‘|UD s Diepttanis 2 7 
Hav ff 
OR epar lb ( nn fF. Ke nne amd 


AnR- d | 


(i) We dmet demand [hal sek A d A be . 





2 
can be am Ba a pourl of B `e 
Annas g 
| rib BNA = Ø 
^ qp Thus ud (1) on 
Conversely lt the 
AnR-d Ann 


yaec" 


condition li) tb Bue t-e. 





= BD (nA o 
^ Then ` | | _ 4 | 
A NB = (A U ADN B 
= (ANB)U( AÍ NB) 
= £UG=¢Y 
amd "ad ANB = = ø | 
Hee (ANBJULANB)=9Q 
This (i) = (i) | 
Finally bet (ii) holes - | Then 
| ANB = - d and ANB= D 


| As that 
BS AVE X-A £ As X-B 
= As B ave cloted| sel 


_omments. Jo se erated sels ave always dijait 
Gak: pe s Sets MAY nof be sepevateal 
re -ANk=6 d» AnB-f 
e+ = deb Ag gr^ of and 5 z[o 
|^ Shan ANB=D 
| However 


pol 





ANB= J-> o] nfo of = 0 ES 
3 A£ b ave vot seperated: 
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| 
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Corollary # lf CFD 


Jiro weakly Se aled 
C and D El alo. Weakly seperated im UX TJ. And 


érilar résul holds fov strong seperation: 


E L6 Smee A £ B ave weakly seperated, lhe vefore 


my ace (XT) IfF b | 
Y^ AUR f ol A 
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are nm- buy subsel < 
subse AFG respect; vely, Then 


fere | ee open sets Gs Such (hah 


! ^ ASG, BEH | ANH=G  ^en060-g 


Nous — 
CcAce ^| DeEeBbEH 
—conHacnhsnizss$. 

buf PS CHF | 


2 CNH=¢ 
Srewlar ly DAG E'BNG= P 

3 DN GT = g 

Thus we have m 


= C ,D aye ako weakl "-— 
ind let APR ibe Shon gly Seperated set. 
Then 4 oper Sets d/o VY such that | 
= ASU Re v amd (1 
P U V= 2 
C € 5g c (/ | "jg Re ( 
and UNV= d o =Y 
= C, D are ako Slrongly separated mi (x T] 


ii Theoremy ( Wedge- lheovem ) 


7420 aijoml Subsets Ad B adre Seperated ti wipe 


aye. opo arid Closed im D= 





Poole Igaza | 
OOl def AF B be. seperated, so Iaf by definition 


Jet AUB= D _ 
a ud An be closure fA im sed 
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NW Ay = AD = AKAU B) 


=(4nNA)U CA NB) ` 


. ASA 
=> hhe set A ù closed D=AUR ¢ ANh=G 
Strata ly Sef B à [closed m DAUnB diem, 
Swi ce A NBs: » AUB= D, Se Ad i are 
pet ef each other i D= SUR 

= D-8 ; B 


D-A | 

| Fi Closed => babe ; Aelosed = B open, 
* Hence bolh AEB iA |Gben mD: 
Comverse: fet A £ 


be boli open amd closed w D=AUB 
A lr closecl im 


falas AUB 
Az Ay = AND = AN( AUB) 
= (Aa)U Ane). 


= AU (ANB) 
|a ud dil S (ANA)NB=ANL=B 
| Conseguent bj LJE have 


ANLANR=¢ 
vicit ! 
Sirntlasty CD er changing AELB ) AANB=#Ø 
Hence Af B an. seperated mi (X TJ - 


3) 


4 AUCANB) = 


Theorem g Foe | that tso opem (Closed) Subsets 7 
a top- space (x) 


Pala Let the seb be separated I hen Aimee the 


Separated seb are aways QUA, ovn, whelhea (here are 


open. ov closed - Hence, opem ( Closed) Separated sets vare 
disjoimt - 





Convoysly Let A B be. two 27] omt open sets če 
A NB =g 
We yeed fo prove Mat 


ABR 
| 


anel AOB=6 


are. separated (tf they ave d jew. 
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If posible 
Them PéA f p & 2 


' A à am open Set embamg the potat P hich 


an accummulaho pont ef B 
A: must Comtam at Least me pont F B 


> ANB#OD | 
Which Contradick aw Ayp oles 
Thus A NRk=P 
Semilarly Ai NB = of 
Thus AEB are separated ` 
lt AEB be z diyount Closed Seis r. ? ANR=g 
ble. yneecl fo prove dial l | 
ANR = Ø ANB= Ø 
" Z4 4 2B. are eodd 
" A= A` amd B= B 
" Thus ANB= ANB >Ø 
ANB = ANB Lg 
Thus A£ B are separated: 


ANB= dá 





Theorem Prove halitihe Union of foo Separated 
Sel ù em opm (ov closed) set, then the ticlividued sets ar 


also Mo OO Tcr chibi}: 


If. det A £ p | foo se pavafecl sel amd AUB 


be. fiew unim. 


Then. m | 

m er. P A NB= Ø 

|^ Act 

PEL 

BO R)< = 

3 enz = 8 4 C BN n. D 
(aJ oef dea e, a opon Sef 

'"* B O elosed  (B)S 2 open 


ae c M(B) — be o Pon 





Z 
GAR) = 


(AUB) n CB)" 
— [a nq] ut B nd] 
-Aud- v aed 
=> 4 ú opem 


«€ BNG)=4d LyQo 


Sntenchanging ALB we cmclade that sef B Ù also open 
(b) de AUB= F., 





be a clised set 
Then 
Fo FP g Aus - A UB e U 
A = Bn Au i) “Ae AuB 
= AnCAuB) m 
= (A nas utn) 
= AUG =A | ASA 
2/7 a A 


| Similarly = R= B 


. Which p rore that ^ are closed sets. 


[m opace 3t 
MEE |. A  €op- space | (X, T) À daid to be 
To - space Tf fw ao two datinet points a, b e£ X, there 


Cubs an en set euch cmtams. me F Men bul 
not the oley- OR 


CF ut valenti, fw ew pawr d? PPM points, lieve 
&xek -a nhd d) me of these potni which does not 
Comtan bhe a. | 


(x.T) 





Cxamples + 
(D det X 


be an. m ceacrete pac wilh at (east 
tise points. Then x db not a To- spad - 
(D let X= fa, b? T $$, a3 Xj So Aa ( X T) ú 








B P € 
cr mmm ee -—- 
a Ls 
x e 


nth ata le UV Cao e C e ue emma rit in i» ra  ——— s t a — p———————— M Pr — 
A : e s x j l è . T " 
> 3 è " x . - s 


SE t es ER D e ts Tum 
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. * . . 1 
r 


X 


he Stey pons ki PPa ce Then (677 A a Jo - Space. 
3) The veal hie R WTA usual topology Â ah- 
space: 4) 2 2j wifriite Sct with A Co—forute topology 
^ b a Tee Span: 
heorem#= Sabspaas oF To- Spaces ave To- Spaces: 


at ] 
[yof Let (XT be A alo space and Y EX 
2 a subspace of X: | | 
Je a,b be. lko cokuct pants F y ho 
aibL ex | |l 0*9 
| ' Xba Tm 


ace 


eh one. d} ths. pom bud nk he olher - 


Raut Then — 
U= VNG 


» i | Colas one. d) Me potats hut not (la ohe - 


Hence Sub pace (v, 7) ako a To- paca: 


bs Thearem+# A fop- space (KaJj /&o To - Space ff 


me d} iha folin y Condes holds 


JU) For ewy par d) dhò points pg ta X erler 


PESI ow P3 Ce Closures Q duknt 
pouwnts* ate cühseh ü? | 


E, (i) Closures 4} chi twit petits ave edic 
ii qu) [e ee) pomi P€ X » ÍP @ umio ef chased 


sets’ " : 


l^ Foof nip det (XT) be a Ti space ancl p+ 


| be two dòhknct pom m x. Ther There C2 ts 
eu Of ev set Q whid Cortans me d the potu ls 


NN. bad not Lhe obe. | 





= 44 PEG 4 946 
Them the open set C, Chtewig p has am emph 


| 


q 


gley section wilh, \ fhe ( me- pomt) Sef ig f. Hene 
P dul Also PET Consepuemtly p EiT 
Similarly If VEGE Pé6.,Um yg (bj 
Thus eather pe 9) v v£4[pj 
Conversely , Let fie Cmclitio holds i-e 
en. pé g v FE Íibj 
dtp SHR. 4b V= X-8) Them Và an 
^^ open sel Buch thal | 


a 


pe V and £V 


© 44d G 
Hene (X T) t |a To- pee 
UD det (X-T) |be a - pae and p, t le 
dw o dac poimi bn X- p by (1) above 
eilheyv bé i9) ov 4, ¢ fbl 
det pẹ f Abo pe Ip). Hene 
[b] FI 
QR 


— 


By 7o - anion, here ents amn pew set G Confirm] 
me i2: P^ A buf Wof lhe olher - 
ree wo ye | 
Clearly e in a pua set Conti a bud - b 
Now frm clofini tren $33 t) the tWovseclim À allclased 
Suber sets 42 (91, there frre ` 
| PE NEG 
But p ¢ ÜH 
Hemi SP? A [3] 
Conor suppose | thal P+ y 5 f bj = fgJ- hje ave. 
Lo pnve Bat (X. 7) A a Co - Span De etlhev 
peg ~w v.d B | 
A pei ad veh 
Then $p? = 


PLSB=B2R ~ FA D) 
2 i-o vas = [F3 
siete a contra dich m nb 


ER) = [b] 
| 
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ok 
Pi + mu 
there oust st a poml Bf X which 
A Contamed m me d Them but not the chey ° 
de 3 € [P3 but 3 £f] 
Eu had Pp Elit}, we wold Laue 
|. 1H s i9 
And Sh} = (9) bi 
amd so ZB E Sp} = jg, 
which à a Contradichon . 
|» FH ence. P € 6% 
and So / ESTIT | 
amd (Au^ 577° ù amn opem Set Contain] p bat not 
3 (x. 7) D a | To Space|. | 


- xam v. "m (X, T) be an wolle space 

and (Y, Ta) a To- space: lf f: (X.T) — (y, h) 4 

Continua, then f wut be \Constant. OR A Coruna 

| funchon faman m alincyete. poc fo a D space U^ 
p Chan | 





Ba» dd f be not Constant amd bt fix) sa 
and f (0) 2 L whee g! b. 
| | | As ( V. Fi) U aTo- Spack, There exok am 

Oper set V € Ti, Such thal WV cmtajn me 5) Mie p 
amd b: kt ae Vs b * 

£: € Fev) ame FUV) i a proper. subset d] X- 
As fo | Cantinacns , FW ET, - 

Hence FUV) must be fi nul] set gf, Soc She topology 
7; ® bicliovete . But lhem x1 € TII Ø bch ù 
l m povrble . Hence f opust be Constant - 
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Te Dpace + 3 

» 4 lop- space XT B said fo be a 

T- space if for evely pay Q dúhmict point a, bu 

X bere exu two chen sch Ga and Gy, Auch at 
AE Go. bhe, 0€ G,  Lé Ga 


Ín oley woods, ewy pate F anhuct poni i 
wea lly Separa fed w (x ,T) 








Comment 1 M kr be noted hak m [7] at om 
Ga N Gb mAy e my not be emply ie may e may 
mot be duobus: | | 


(2) Clearly by defruyho a. Space D a To -spaa | 
Bul Converse à vot true LA general e-] | 

The Ster prishi. space X2 & 63 wfhr:fíg faj,x] 
A a.T- Space bu xol a T- Space » Here every obenset 
tatuich Contams b ( there ù only me such Se-X) also 
Cmts a 0 00 | 


Cxamples — ; 

| (1) euery an Cye te space Ba T,- space É 

C) The veal Lue R wih usual topology ù 

c4 Tja space - Lf NS SER; ath and la-b/= A 

7 hen Bi(a:y), Bil & A) n 

ame. wied obensely -` | 

." p ho wfenile X Ufa Í ^ A h 

Co-fmite fopology L^ d 7 par 

o Fe XIEX | KW, X-(y) ave reumd 
Shem sets 


G) X=fa.b c] and T ( 9,4] fart, x3-Them 
(X7) b& a To — space but not a T- pacz. 

Here all the Open sets Clang a,b Wz $8.6] and X 
ale Contan [fe pomt à. Thus a £4 Camnot Le Jealá 


pe paraled m (XT). | 
| | 








— z ` 
a, 
— —— 
«0 
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ui | 


Theorems p T -pae v which F” any pay, 
d) da haich points a,b | a e Shi tons ple beffa) à . 


G- Space - 


Fook Jl (XT) ble. A topological 5p ace b CoLwel, 

Me given Conclition holds: det ab be a paw 9 

cà trict poink wi X. Swe (X 

ede ag eid ` E 
det ag Ñ. Agam poia BEID aci by 

| given Condihin ; hhevefor b € fas: 

| Thus = 











T.) A a To — Space, 


| a E [ij and b & (aj u 
= a € Xx Sl} re be X —fa) 
Rut hen x -3L3 and X-a?) ave open Sela 
kuch lhat >` B oues 
aé x-fl land be X ia 
bé x-h) ` 
space >» 


and a¢ x fa), 
Fius. (X.T): Ba T- 








s Aon pia A` Lop- space (x7) E a Fa spac [ff 
Evy me potuto Selby closed set’ | 
bof ded X 7 jbe aT space amd [x] A 
ome portie Subset of x. et y “be any Potul w X 
| other than x. Then h | Bean 7,, Wh auo: ents am 

opm seft V Kuch that B i 

| Jev X £ N 
2: VAM = sf 

Ba. — nof be -- accu mulati ga pant d) mei 

Set PO ie [x] Conan all Rib limit poiat | 
| T [*J h closed | 

OR 


I3 
We Aha thal fs" & open | 
Ot b be. any bora ia X offer Pay x. By 7 4- Amim 
Jj an epen ey Aucl That 
yje Gy amd x ¢ Gry 
Also Gy Mir =ø 
3 a E | : 
2 4% an geo f [xj 
Sco 4 à an ar Murray, e velky element of [x3 z 
am iu pent of fx] So sxs t open and (x] ^ 


closed OY c | 
fx12 Uf: 332] S (Jfá ae S ur 
= fx] “= Uto :3g$xj 
9 (XV à open 
3 fxs 5 closed: 
||. Conversely kel (x T) be a Fop- n bi which e Ve 
< omone Dota re sef ù closed. kt a be. two duct 
ponts: mM X - Then fa}? and [b] ave ys 


> X-a and T [M are open sets 


vo be x-fe b € X-(H 


a € x-ij 


| a 4 x -{23 

Thus (xT) 7 a T, space. : 

Cxample lew Every melric mace A a T= Space. 
Sol 


— a (X.d) be a mele Space’ emd a, b 


be two dattnch elements 4) X and 
A na d(a 9) = y 
2 Consider | deem a, 
Go= D(a %) y OON eT CN 
Gb- BIL. A) | D Y 
Then an on \ Í Ko , ] 
à € Ga LE Gb "--—— Qd 


and AGG, Ld6q 
> (xd) ba T- space . 


| 
| 


| 


la um ed e — = ee 
. 
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— —e — DD [pep oy eres vu 


. 
— — aa cet 
——-— > 
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nt ial | I 
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Jheovem # The follaung Statement aye Equivalent | 
for a. topological spac (x,T). Also 1 (6) , d) “a | 
(a) (X.T) à a T- space a 7 s 
(b) Every one potntic "d closed w x 
(C) E VeAy fue set is closed - x 
|) For every point x € Xj fk 1^. we Ø 
(e) For each Aubset A of x, A ts the mleysedion of ih open 
ae sets 
For every Subset A € x, any accamulain print 

yn P of A /& Qn @~accumulalion point of 4 dire 
euy open sel, contarining p, mileyseds A m a dinur erakly 
wafers te Collection of potnk ) 






Laks (9— (4) p 
| Supre that X th a Ti- space: det xex 

Cmdr the set X—$fxl1-íx]*. we Ahao that f«* c 
opem -` ded yé X- jx) fas. Then y¢x. Sme X 0 
A. Ti- Space, there ù an spem set U PNV Such thal — 





az €e4(0( sgu 
ge V «£V 303 NV= Ø 
so YE Ve 3S 3 Ve tlus 


(3 YR an tle y rtv pant of [x1 
Semice YH an arbitrary elesnent 4 §x 3S [x 15 o open 
and hena [x] ò closed: ‘Thus Overy Oe potute Set 
m X ù closed: 


OO 
Suppose lhat each, one potufrc Sub set of x L4 
closed and A be any Pate Subset 4) x. Jh 


XEA 





each me pountyc Gulset i X tA closed 


A bemg the unim of fae Colleck gw "f Closed 
Subsea ù closed: 


| 


| LS 
(C) = (d) | 
cet every foie Set ty closed mi (x T 
Then fe. every x EX, fx] ^ closed. 
Hence | $e} = fad = Sas U fc] 
> lef | 
Qui x € [ because any apon Sef Contamig x 
en! not cirkersect XJ ^ a paw olhey Tham x | 
Hone =ø | 7 oW mfg, kf hi 
Conversely olet i= v] a becaue x é fx fH amd them 
Shen (xj. =U pd = ia a pot differed from n srl 
2x) A closed 


be wi beg? Wieh would not 
Thus (dj 2» > ta) be — fxj 


(4) = (e 


Loof s (e) Jd (X/7) be a Ti- space. Then th 
holds amd set f^] K closed: 
Henca for any pomt b £ A, there Ù am e pen 
cel X — Sb3 Such hab | 
Acs X- and bé x-[(Hj 
Hence A= NX- : be X- A} 
= Intersection of all Open sels, Containing A, IS the set. 
Conversely Lt A be equal fo the tnleysechin ef all 
open Sets Containing ^ 
cet a,b bea peur of duo frnct pots uà x: 
takuig A = sa}, d follas faf the lulersechom d) 
call open seh Covtaumg the ponl a, t5 he setfa3. 
Htenee There evual's wt en sel U such fata l 
and bll- Soil by talma A = {b}, here eas 
am Open set V such [hat ‘be V.a¢/ 
. Here (XT vw a T- spac? 


" 


Couiyabrce 2 (t 4d) 
det (XT) be a T, - space amd let b be am 


o] 
| 


—Á — -— 4 — amp — —— — —— — p 
en ye venim m s ——— —— Ó— -———— r 
. -— - — —Á—R 


a 


L 
acttwnulation povat fe cabtel A tn (X Tide 
be an open set Confaurrg p- Shen U —— 4 
tis some ped app p| By Cy 3 Ba closed set 
OA (X.Y . Hone LI — fj U NE X= 0033 “> a spen Sef 
Condapig p and it isntersech A is Same potn! B p 
Also xri. Now | 
by co. Hene Uin | 
b and it mwt wEpsech A un some pah! X34 P: Also 
065 4 X) 23 K: Continuing Mis procebs, we obia 
Cu ts fele Sepuence of distinc potah XI HL 23 -- - - Ún 

oint 4 








(xij Ba closed! Set 
m3 i an open set combi 


UNA. Consezuently po (an w-acurmuahma p 
"A. | | " 
Conversely Let any actlundah a potat 4) a Subse A 
2x be an W-accumulahion Point: &) A. del (X.T) 
be mot a Tj- space . Then by (4) Some me potnirc 
Sef aust be not closed m (X-T) . ded dek 4x) be 
Not closed je fxiJ-fxj and lt yé fx} y there yx 
Then Y 4 am actimulatio | potat d) in} but tf cannot be 
an 6&- accumulation mer of [x], Sice fa) Consi. A 

pi miy ds pont. Thus If XLT) 5 not 7, space, Gu. 

| e Cceamulal/rog potnl need 
pont Fis (Xis a T- spac. 





2 di ee P closed. ite Above Ua (c) 
Co LY x Cey finite ln-— ) ; | 
Proof p Let b vana 
— ' e a Trile die Space. The every | 
z Se oF X lA closed, amd So Every Subset d) X, bem 
& Comiplemimt 3 closed i bpen ‘Home X & duc le | 
| yere 


ee MÀ -— « 
` 
a 
. 





Theo ya Ta 

lr TC Ly a l1- Space X, A povuf x È adu 

pow Ay Piin 

ee »» Set A ff Every open sef Ce» Metern  Comfains 
WO number Of distinct poinh of 3- 


| . 
! 
| 





Iz 
Loof 4 Set very open set Cotan 2C Cmtamis QU 

wt ferirte number in. potus 22. Fher at A a linit pomt 
I p J 
conversely bt 0 | be a limt pol F A. Suppose liat 
here ù am open set G Conta 2C for which ANG 
L tiny fe-~ Let GANA NI") = fou, ni. XX)z YUrj=B 
Then B beuing ^ foie Sukset of a T-Space ù clxed. 

No x € B 

—*x € g 

Nas XE BN E M A6 à an open set 
amd | (RNG) NA \G3 = B nfeanawwu 





2 C - | 
| , ^ v 4 open set 


= n6 nba É | 
Thus w wardd abt bea (mif pomt ofA whch t 
a Confyaclichon- Hence ANG ts vifenle fo every open - 
set G Containing 4d. 


Corollary s. İn 1x. 
point: 
Bofy Let X be a T- space , A^ a fue Subset 
Q X. Fx’ be a ft pot RA- Then every open 
set Contcunig x " contain an nfiiite number, of 

pants QA ulace tA om pornite became A Ùselg ù 

finite -. Heyer no posit fx Wa lmit pont fA. 





space , no fmite subset had alimi 








Theorem gihe Coaysest Tr- topology, thal can be defned 
ma set X, i the | Co-fmiite Fopology m X 

U) The Vnlersection of any Collection 4 Tr- tps 
m a Se£ X W also a T- Éopolog y: 


Loof; (0 Led Y be Co -frute topo ogy an X Then 
Yi a Ti- bopolgy became fefe sek are closed *(x.T) 
Ago , for any Ti- topllogy 7! on X, every Finite Sef Ù 
yL closed j SO Dat Complements of Jefe sets ave T- open 
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LE 
Conseguently Ta r: He ce T (6 the 
he T- Copole gies fat cam be defined on X 


coarse 4 amma 


(D Jet fj be a given Collechom ef T- 
apology es mx and Y be ety’ mies secon - Then | 

7. to also a fo pode y en X. By u) Ti also Confers 
lha Co -fariite topology TX re 2; B fmer than 7 As 
Cu a l- fopology mx, T, ú alto a Ti- bopology - 





Theovem + lf (X T) (^ e Tj - space, 7d a topology 
an X , finer Than T, then (X 7) h alo a G- spat, frizo, 
| and. E | "s 


TRE Loof Ht Js T / (5 foviey Ham /be ceporegy t, every 


C- open set a ake also , Té. open set - tet Pp VY be 
any two duc! poinl m X: | 

if G ha 7- open ser Cont epar] me d) p, g but 
mot e oher, then G c T^ open set A The same 
Property . Hence THX -Taj 0 7o space , then (x, 79 Ù ako 


i To. pace 


If uU and V are | tiso T- open sels , which 
Separate b amd + weakly ( vepecively S frangly ), Them 

ll and Vare two T. open) sets , thich Separate p amd y 
weakly ( respechrey stmgly) - Hence iF (X, 1) is a T- space 
Xa 72 — space, Then (X T7) ^ alto r&ypectrVety a l- Space 
eY a Tn SPACE : | 






| | | 

J2— opace # ( Kas d of Space) 

A top- space (XT) | th Adid fo be Ta- space 
iff for every paw 3} dshuct ponb a,b ù x, there 


C»YXt fuo opens sets G LH such taf 


AEG ,LeH L GNH= $ 
Ce eu, pay } dohnat: pomts ù shungly Separated: 


| 


| 7 
| Or <putvalenlly, Jie poinh have . distinct ubds. 
| atis v _ 


(UU Every melic SPace Us a Housdorf f $/2ace 
Proof det (X.d)| be a mely ic. Space and 2,6 be 

day foo. dihunct pants Of X. Men dla l)= 47o 
amd Pla E) Bh È) are dijomi open sch 

Con faining a and b 235p eetrel y 

(2) Every discrete Space ^ a tHosdaff space ` 

(3) Mo Aaa cre te space E377 more Thay one potnl s 
a Hous doff Space - 


(4) Wo infonite set wih a Co-finrle 










topology ts Housda ff 
dt x be am tnfoijte Set Wilh. a Co fire fopolog y - 
Then opon sets m X ama pP amd all those sel whose. 
| Complements ave fonte Thus pace t) Jr- $pace buf no 
las pace * We note that fa fies £op- spac now of lhe 
wo Ofen sels ave p because 
(Open | = | Ue mfaule 
V opm op | Vs ee 
-j X-u dx-V ave enfe 
3 (XU) UCK-W |3 faite 

ucu ve s foiite 
(u N 7 c Jite 
2 UAV P i 
Tag p À husda Tf became Uf) |= 
b a yequire ment t «Hono fi? space - E 


Ok 
Suppose Mat X & a Ti- spac: Then for any 
Yao cn! pomk a,b of X there are open 

Sets U ad Y such thal 


ae U , be Y and UDV- g 
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Ze A 
But the pU pe ses ave fete 


So that fron 


| So X wa fale set, ea Con traclichon . Hence x 
A not RB space. ~ 4 | E 


[qum —ommen 4 Ey Al ‘one by P" 7- n& 
but Me converse Ù not true oo 

det ox be am Ln camtale set amd T fe Lopoley 
Q Corenttable kemerit on x- -Then (X T) A a 7; - pae 
ico. M dd À Subset ( bea Corn table) A closed w(x, TJ. 


Pa. Go not a Ta space. face no taso Che-n»null) 


d | v Gp Cn sels w (X ‘T) | are dü j ott * 


In fact if & and ff are be tue us 
empty clojomut shen sels mx TJ, len 
(X—6)U(x-H) =X- G NH) - x-@ =X 
which i uA posible because each H tie closed Scl 
X -9 amd X-H bemig. Cerem table Ote -6)u( x-7) 


| 
| 6 also coomtable , wheveas fhe Ser $c 4A AM coumtable. 


Jheoren # Euf subspace ef a Fe lov fh Us 


eU] Hua dor ff OK. The pro perky dp bana x Jz — Space 


lA hoyeditary 


fof n (A, A) be e espace of a 
Hosa ft space (x,T) - def a,b be fas dikit 
| pomts 2 A. Then 2 e x | | 


X D a f= space | 

e Jg open sch U Zi m X Su that | | 

eet , bey and UNV=6 ? 

N dL) Ua UNA amd Va = VANA are two gush | | 
po | 


_ ^ o—c-— o -——— 





21 
m A Such thal 


ae Ug be ly, P Ua NVa = (UNA) ANNA) 


=(UNV AA 
= Ø NA= P 
(A Ta) a a kasdaff space - 


12 onal °F a Jop— Space # 








- hich shaJs haf 





| det (XT) bea 
lop- spam Them 

=} (3,X) [x € x] | called the dieque 
of 7 x 





Theorern + A fop- space (x. 7)  lfaudmwff ff 
| T Xxx B chsedm Xxx 
- | Loof e det XT) be a Mags dof Space . ie Shas 
7 that D Öö closed uw X*X by Proving haf D* L^, 
obm (à XxxX , 
*; (a. 6) € p“ — a +b a bex 
X 5 2a feft Space 


J opon sedi | Ud V such Gal 
ael .LeV. and VOU &« 


=> (a,b) € ux V Mex HIT P RUM 
and Uxv c pf ues uny- & 
=> (a. 6) €E uxV = 


23 Do 5 open > - (^ boul wh Xx 
(| Conversely det D be closed m XxX mm 


Codey a, bE x such hat ax L 
| 72 (a,b) € Do here DC & shen tn XxX 
| 


LI (usn ik) 
= "a € “Ue X Vx 
| 


| 





fhe he diagmoal D 


Ux, Va are opon Ln X 
fo Some excl 


= - 
. DEL 
- ^. a“ - 
Mw À nsen 
— — x ? 
` 





AA 
2 a E Us, be Va and Uax a & D“ 
| 3 Ux NVa = Ø 


=> (X " Ò a Monde ff s space - 


~~ 


` | Theorem # The pem statements ahnt a ¢op-Soau 
| ave equivalent 

(q^ X 5 a koudrff space 

1.02 The sak sae D= fü x) : x EXS & "3 Xxx 


anf (a) = di 
£u Hal X à à bousdotf space and Lt 
(0o: "xexi be the clo qood of 
Xxx - hl me 0 à |elased by preg that DS 
Zs opem’ c 
det (a. bze p<. Shen a b LT 
(4 X O a ftemaderff span 
^A 9 opm seti U x udi d such Ihat 
a € u Le V and UNV= f 
But UNVzg¢ > UNVE Df 
So (a,b) € [/xVen* whee (/x V ave open 
Q Ò à open e xax in, TY: 
|. D ^o Clojecl Im xxx 
. (b) — a) | 
| Suppose fhaf the clie usa D ef Xxx (& closed 
tw XXX- det a, Lex) ath. Then | 
(«4.5 ED -< aL 
| 2 @.4J e Df a 
| Smee D* vs open im Xx X, there are o pow sets U 
and V m X sudh that 2 m 
(a. € UxV & D^ | 
s a€U.Le€V amd (RV-d ~ Yxvs nt 
This Xa (fau deff “space + 





A8 
Theorem # A Cop - Space (X jt) ba fado ff 
space Iff any me Q the Conditions holds: 


For every . pomi MEX, m] = NEM, : ^, EM} where 
Nu’ devotes the ne 


ighbourhood filter of he pont x 
(i) The cliagemal A=flx, i HEXJ YW a closed sef 
m [khe produit space ( XxX , 7 TXT] 
Loof” 


det (X|,T) be a Hauderff space and 
mn x € X. Then for amy pur pgs There court 


(i) 








two oL ow oabds 








Ny amd Ny of X dnd y Ye.spechvely 
Auch That 
Ax NN = P 
D Ne S XM = M 
F: Nx = X-Ny cX-V= X- V 


diem VA an open sef Salen fying JEVEN 
o So We af 





Alv=¢ 
Fd ie Ny = Nu 
‘Hone 4 d OE Na: Na € NaS 
OQ Nx : Wx E Vx} = fx} | 
Converseby let the CAT U) be true m (X T) - Then 


for any JFX, there exists Ax Such thal 9 £ Nx 
Them 9€ X— M where X — Wx Or open 
| | 
2 X-X Ù am open nbd ef Y 
© x £y c ave. strongly ny by Zo doj ovat ade., 
3 (X.7) ^ a bes d avf space. 


UD det (X-T). bel a Haudaff pae amd(z,&) 
denote fhe product space (xxx, rau 

ket Q: Je Z—-4- 4 

Than KEY 


w3 DEA: MEM] WoO 
there enurtsi' a nid Na of x Such haty É Nx 





CUO oe we iii 
OOo m 


BN a aM 


24 J po 
"A | e Qna smek. 
Thon X—Nx b am min KI Hà) es a 
Na and X-—« are pee < 
Also (u, 4) € Wx x(X- f c A 
se | 
Z z N rr N PA product space ( x. 6) 
Conversely Let the rond Ui) hold m (X /T) + bet x,y 
be tio duel poms vw X Shen 
b OY € Z-a- 4 4 
ot? AD an open set c (#,5) am 
§ Na x Ny + NE Ny, My EV] peons base 3} lhe 
ehti topology 6, Pere epists " Scu kable Ne X A4 
HA [hab | 
00 (x3) € Mery & as 
=>. Mx N My = d 
Covisesuen/ Ly 9€ and 4 are separated strongly b y The 
clisjotnt nids Na andy Fx, y respechvely . Herna(x T] 
1S a Hausdorff Space: | 
V Gomllatye Let £ and g be too conhinuas funchons 
toma Copotogical space (X 7), will values m a Harbdorff 
j| Ppa (x, 9) - Then | | 
KU F-fxex: fore 300] à a closed subset ui (x T) 
(p. If foy 309 for all points x un o gubset 9, which 
11 Ww Aie here den ce UA X, Then f amd g ave rdembeal 
| 


| Loof; CD Let h be. a mapping ef(X T) to 
Cy,T) x (y T) defined by 
(0 A0) = (feo, 309). 
Then waf and q ave. Conbinitous , therefor h Ce yat. 
. ded F be wiverse tage of A of yxy nde» h. As 
A t Closed ww YXV, Fa elsed set in (X T) 

(2) dkt F=f xex.: f) = 90y}. Them 

AEE | | 

2 4 
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as 
> ASF 
A & deme m every where 
A = X 
=) AX ume 
Alo. by () F ( aclued set, so hat F=F 
5 x e a 
Gut F = X 
».F-K 
Jh Foy = goh 


: ) holds fev all points x € X : hmu f amd 
j are (den tical “ 


J 


heoren * A Éop-space (X.T) tka Housdorff space 
Uff fx any fto AU tenet povnts a, b mx, here are 
closed set. FI amd fr such ihat 

G X= AUF | 


(i) AEF, n FI 








beR,aéF 


Fook x et (x L, be llausdavff and a,b be fisodishnch 
Poink of X. Ther) J pemn sets // and V such that 
But thn — | 
Hu nveg |2unut-g 
| 3 U Uvs = xX | 
vas aéV > aE Ve Fi closed Selva X 
md belo belt Fr Closed set wi X 
as required o. i 
Conversely suppose thal for Amy fuo doluit posts G 
mx 2 closed seh Fl and & suc liat 
X = Fi UF2 nef; bt fi and béfr,ath 
Then FE amd | ave i se ts _ ] 
be EC and a€f2, ath b ¢ Fr 
amd XS (uuri)* 3 F = EF npa 
Heme X a tasdor ff 








— UU 
\ 
LI 





v4. Theorem y 


— U which emlams a 


7 Feo. t Suppose th 





———— ap 
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° * 


Re ^ . 
Al bop- space (x TJ & assu 
e 4 "i d poml a 
fa} = 
wheye each Cx Ù a clo 


f) C« 
B Sef combing am open sel 








l-e Cx (^ a closed on niii ofa 
af X (( a Hons da ff a cL anol 
a, b any pomt OF X: For amy pout b+ a, here 
m sets U amd V such that 
aed, be Vo and U AV = Ø 

> Usvs 
v V* IS a ama ipa y=. 
V= Cd for sme |d le V^ a closed nbd Pa 


Also bey => bá y^- Co 
e b: 27 not. m af least bos closed — mhd of d: 


Su ce EU iA an peres pomt of X different from q, 


Cnty f. 


| 5 € CA, Cx ci Closed nbd oF a, So a t the only 


| port en chin m every Abel ofa . Thus 
E a ia = (CA | 


Conversely . suppose lhat fe a top- pace X amd a 
pant a ef X 
dal - A Ca 
there $643 Ò te family all closed nbds efa: 


te b be any poser different fromas. Then 


b nca 
= There o Ct Closed eu C, E4 Cy ` which does not 


| Conte b | | 


Ze beck here C 6 opem 
Also there tU. am open set U Conferma a, s.f 
a uu Jf o£ 


Clearly UNC =g , aceU, bec’ 


2X A a ffaucleff space. 








az 
Theorem # An m fimile Haudarff space xX Cala (ns 
am infinite seguenze of ipe id olj atl, open sets 


loof + t X has no Limit poini , ther X must 


“haie the diacvefe fopology and amy m finite 


Seguemce of chat ict poil of X would sewe as ffe 
desired Sequence 










Suppose that x U a lm pota ef X. Choose x) 


to Le any pomt of X olffevenf from x. by [4], Iheve 
enit fwo oljowt 


Xı € 6j and x€ 
. Since x ba ly 


open sets Gi and V, such that 
y | 
my pont of X belonging fo he spen tef 
V» There €x! Some pomt 261 € X nV Ln By [71], here 
emt tise adjouit o pem sets oe amd Ww. Su cl that 
x2 € 6, amd x € V*. 

dE we (et Gi S G AV) and Va = BAV Then Ge and 

Vr are two "ed open sets Canlawned in Vi ( and hence | 
 dlisj oint frm G,) Cmtamin 9 2- amd x, ye 


7 spectively: 
- Suppose we haw already clefmed the points 


fx) andl: the opem sets lC} and [YS cilh Propertyes 

xu € Gu cM, ,KEWȚE Mh. and 
Gk NA EA fa all kén 

Nas x ba (m pomt of X belonging open Set Vn, 

aud so There enot Some pomt iti = fin NX: 


By (hh) there ent froo clijovat opon sels Gy4, and 
V4 Such . lhal A | 





Xx 
X4] € PAR ‘and x € Vw: : 
- | 


| They n+) ad " are fuo kts j'oml open set Contained 
m V ( amd hence ei jorat from Gn) Containing 2644-4. | aud x 
veapech Vel , Sence The sets [Va] ave mmotme Ae creas 4 


) We -Seg That Gnt) LA vot only Glaj ant from Op but 
Is also oljjoant from every Ok fir khan. Sez Ku € Gp, 


- cee Ft. T 
` 


^o M0 MO o e n tpm a a, ee 
c 





unleger 227 Such That | 


| a Lnyt paut of fe | 








LE 


spcce poxess a umigue lmyt: 


| yok y det fxn? be a — Segutace., havis 
a pov b aba tim? pomt, m d msdn ff space (x T). 


det- Y be any pout lmi X differe frm p. Then + 
two open seh U andl V such lhat 

beu ,ve VY and UNV= 
NOW Siye pů a bent pomt ef the Seguence fxn} 


and Ooper Sef U contour 79 [here fore fa eve 


| 07 cud U Y zn EE. 
Then, as V å dújoint wilh Ul, V ean cotain at 
most m- elemen UE Ki H2.--- X y of fhe 


Sequence Vx» . Consepuently the poit 4, cass viol be 
Sepuasenr Sen}. Here po the 


| Unique linit F the Sepueme [%n$ w (X.7) - 


| 
| 
- Suppose that. X À a lousdorff space and fren} 


B aA Seguem m Xl; whiel, Cmveges `£ 
c aa A to fwo 
hd trict pownts X gy. Ther F had oper Sets ULV 


| Such that 
(«*«eU,9geV, UNVag 
g Luy —9 x ' | 
J annale! number 2») such fiat 
Kn € U 7 | M apn, 


43049 Since 
(92 "Such Lhat 
206» € V bL Nene 


0614 —2 yi, here fore j a naliral numhek 


À 


2 Ihe m ferirte sesuunde Gf non) / ee ft ed by b eter, Ly 
fi € ae sive Septet of y1 m — emply / ca out, opem sefs. 


Theorem P Any Convergent SEGUE CL m a I b roy fe 








€ | | 
fet No = max C Vi, nı): Then ` 
úa ë d -| Vnzno | 
and tu EV. Vnzne 
> Xue UNV= ? Vuzvo 


whith ua Contractiction Hone K=Y l-e Limit U^ | 
Luniue 


| 
A Open Seh hich Contem limit pomt ofa 


Segutuce must Cottam almost all lhe terms of the | 
Seguen c. ) 


The converse s} the the uk Iheaem b nof | | 
{rue as Cam be PE from [he Ct ample : 
Example + Let X| be an uncamtable set and T be | 
I hè topolog y of Caumtable Complements ga X: 
«hen (x T). & & T- space but not a h- Space 
fet fxn? be a Convergent Sefüoac. m (XT) 
„having lmit b€X|-: Let y be any ohher pomt tà x. 
AS (X-T) us a li- Spa , there ensts am spon Sef 
u Containg r3 Do not 4, - Wats Cmyrlies J a nalural no 
m Suth haf ° 
ané U V nzm 
det V= X- xj tj 0 11,2--- $+ Shen V( beng the 
Complement of a Coumtakle set) K am open set, Contarng 


lhe pomt Yı But there does vof ernst amy ve mbege 
k, such lhaF | on € V 


be a limi powt v "pma fhe Seguen ca fxn? hai 
a argue Zimri viz b: 

Thus every Comnverg 
m. the spac (X.T) 
Space - | 


Vnzk.llece 4 can not . 


Enf Sejuevia haa a UMI'GUe mrt 
alhumgh (X47) & nof a l/mado ff 








Auch tha t 


Feook a 


2 (4. EWV c p^: 7 


= f U closed và Xxy 


— — —À a aa 
——À — 9 — 





Ap 32 xo 


Graph ^f. Fimclime. Jd f:x—y be P fuck; 
Then - the graph of df 6 a Subset Of Xxy 





Sup: Y= fiw) j amd 1s denoted by I 


CT] - enl 
Theorem » pe, f: x y be a aT frm a lop- 


Space X do a p» space y. Then the graph, 


o f= fony: te fw] sl xxy i 
Ww closed tn Xx V 


| NA prove lha if A closed m X x V, We Shas 
That he Comple memf f lef Ffi open m Xxy- Js Prove 
that f ù Spem Wwe. prove. lhat tif ò a "bd cof ead, d) 
ib — pow. Oe ta | 
< dt (0.0 € f| where £2 xsy f 
=> b + F(a) amd B, fla) are el Lact pots fy j 
" Y 5 a Kabdaff Space | | 
J open sets UEV such lhat | 
Feed, bev L Uny-g 
^V au) s FJ ^ OP en unl x ( - f 6 Cmbhnu 

and Cmtamis a. Ako VÀ Open ui y. a) | 
2D WXV ^ an open set w X XY. and (a,b) € WXY 
|. beceuk a€ MW, Ley | 
Nar Akt (cd) € Wx y | 





- 
| ce W= ftu) 
> fto $d = Uny- p) ? fe ey 
3.4) € f | P fe) =d 

7 i Then foue V 
"(c sd) e f y l amd UNV pP 


5 WxXV S F Therefr fejt d ` 


£. | 
3 F ú nbd d} each of (f pont And henee- C a pen 


$/ 

Theorems det X|, y be lapolegical spaces and V 

a 1 Haws dovff Space . f amd J þe Cay rugs fanch'oms 

fm X j Y. Then f ' 
2fxex: foo-300] w closed wx: 


^e A Mi 4) X ali each pomt 4) tuluch F4 Covriu'd/e 
0 a closed sel Ww X. 


|| osos A à hed vi x e A D open ui X- 
tet a € 9^ Then fta) d fb 
' fco (4) € V y Y^ 2d "iba space 
* J opm seh U £V such that 
fla) € U gue V £ UNV=aS 
Laghi J ae 3 V) 
Aaa d$ md. ae Ae 
FLW S AS, du) e AC £ Fungi e 4* 
Sue fA conh’nuns, therefore ` FLU), f Cu) are open wix 
3 F(U) ng) os pon in X | | 
| Vas ae fF'tuj n IWS As 
= each pott P AEC A ae interior pomt of AS 
D AS à an open set vi x 
2 A (4 Closed setim X 





\ 





Theorem a Left I XT2y,g:Xx—y be. Confynucr 
funchons fama spac X fo a ardarff Space Vy and, 
At fW =.JO — V» im d dense Subset D ef x 

x € | 
"^ om 2 a Li AP len they Covcide at X 
Loog Subp ose. hal} for Aome 3€ X, we haut 

FCB) 968) 
¿e ft), 2638) are fas o olstmict poms m Y 
" Vawoa asda ff space 
jJ ope sh Ug V such fhat 

fneu,gtev f U NVD 


—— ——— 
— A —— ar 
^9 


QUO ew —— 





lag e flui, sei 


“of 14 ave conli nue 


Ui £ Vı are open m X 
3 unv i am opin set m X Contang 3° * 
'"Á) D ò dense w X A 
3 € D=DdDUD 
‘Ale BED beet - far. 
(2 3 i a (mh point of D 
vow Li MA, ù am open set Cont] Limrt point Ff D 
There fwe 
(Li) 0) DS 8 f | 
= (UN) OD *$ Ape 
dt c € (Uinyi) AD 
3c é UNN F ceu ,cev 
ay CE fu) » x e dC) 
2 foeu qc) E M 
: cC € D 


D= X 





0 fe) = FO 

= UNV EP 
- which & a contradiction 
Hence ft 2: gw Vxex 





| Def A fop- spoe Seud fo be Ist Cartable spaca 
Lf j å Pipe local base at every pota f oF x 


Def A fop - space A Called Ind PEL space 
"i 2 a Contable bate fw disfopolegy : m X 


Theorem # a first Anuntuble space X HA a laudeff 


space rff &Ve y Mid Seguen ce. has & UNGUE lemut 


Loof # Jed X bea Yaudet space and (xni 
be Sepuence in X: def fren] fepe £o 9,53 "t 





ao” " e— P «- ——. ST TS 0 po 9 ——————— —— — — —— a a 
— 4— E - — Lad 





; | 33 i ‘= 3 
“Then 3 naliral numbers nı, na Such ak - 
96) I * 
X Aa /fauolwv f space. d x,yare clistnict pavals w x 
TE Shem sets Ud V such lhat 
xeu. ye e UNV=¢g 
° €*,j are. limits 4.| fxn} 
Í nalwal numbers y; £r Such that 
Ln E€ U nem | 
Hy eé V Vaan 
det wor men (ny, ha) 
Thm %u eU \Unzn0 
amd. Wun € V uno 
3 UNV pP | 
which o a Coutraliction. fence Lut unroue - 
al _ Conversely St pose | | j 


the CL Convergent SCfUEH CL has 


e Cue limit- Le. Shins that X dà Il'aud ec ff- 
| det x be not Hour doff- Then 
alvo [rac potus im X, | 


f 


Colas bL. 


has Aa nm- comply 7 
Jet {Un}, Vn} be Countable nested 
at a. Then Un 27 +% Yn 


Choose points an € Un N Vn J n=1/,2 
Then flan? Converge | 


local base 


fo boh a £L » u Cmtradict on . Hence 
X A Haarcovff - | | 


7 heoyem y The Hon 
Space t» Howrdorff OR | Te he a línadeff ù a 
topological Property < | 


| Lofa ded f be à ham eomm hien frm a 
Hausdorff space X mto a Space y: Then f^ 
bi Jechve , bicmbinuns aml apen: 
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